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Abstract

This paper establishes the existence of solutions for a class of nonlinear elliptic problems of
the form:
A(u) + g(z,u, Vu) + divo(u) = u,
where g and o are lower-order terms satisfying specific growth and sign conditions. The term p
represents a bounded nonnegative Radon measure on a domain Q@ ¢ RV, and 0 : R — R is a
continuous function. The analysis is conducted within the framework of Musielak-Orlicz-Sobolev

spaces.
Keywords: Musielak-Orlicz-Sobolev spaces, Nonlinear elliptic problems, Measure data, Weak

solutions.

34 - ST 5 gl pau O o il DSy o dad| i paBLITY Qal) il pansd J gl b
L @Bl Qaalon o jlded) A jout) Aliolanl) O slaotd) Sliwl e gont) doss tpd
Lo @8l Zaale - Olusbs )1 @uds 31 ¢i5as il avagll alaas
Ldasdl e (Bl il JSlas (e 25aT J gl 392 9 SLA| I) Aol 48 5 931 slia Chuigd fgadled!
SN (e
A(u) + g(z,u, Vu) +divo(u) = p

0935 ulsB 5o [y Baums B5Laly sed oy b Byl Lis oy OIS lagis 0 5 g Jhed Cus
Sleliad bl o Jdomidl @iy 3 reiws &l 0 R — RY 5 2 C RY Gl le Cllu pué 3 9ams
A e uSI 5 9l g

Sble adasdl pl (eBldl atadll JSlas &I juemuST ) glocadd g Slelind A Lidel DL
Aaaaall J gl yulaall

@ @ Copyright: © 2025 Mohammed AL-Hawmi, and Mustafa AL-Hasisi. This article is an open-
™ access article distributed under the terms and conditions of Creative Commons Attribution (CC

BY 4.0) license.

1 Introduction

Partial differential equations (PDEs) represent a cornerstone in modeling natural phenomena, and
their study has engaged mathematicians since the 17th century through the works of Newton, Euler,
D’Alembert, Lagrange, and Laplace, among others. These models arise in diverse fields such as
electromagnetic theory, quantum mechanics, general relativity, and fluid dynamics. A central focus
in the analysis of PDEs is the investigation of qualitative properties of solutions, including existence,
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uniqueness, regularity, and stability. Furthermore, approximate solutions are often constructed, for
instance, by sequences of solutions to simpler, regularized problems.

When addressing a PDE, a fundamental step is to formulate it rigorously within appropriate func-
tional spaces and to establish the existence and uniqueness of solutions. This process encounters
various challenges depending on the type of equation (e.g., elliptic, parabolic, hyperbolic, or degener-
ate).

In this work, we consider the following nonlinear elliptic boundary value problem:

{ Au) + g(z,u, Vu) + divo(u) = p inQ,

u =20 ondfl,

where A(u) = —div a(z,u, Vu) is a Leray-Lions type operator.
Significant contributions have been made to problems with measure data. For instance:

e Boccardo and Orsina (2000) studied problems with L' data

e Akdim, Benkirane, and Rhoudaf (2008) analyzed degenerate problems under general growth
conditions

e Subsequent works by Azroul et al. extended these results to different types of data within various
functional settings

The analysis is conducted in the context of Musielak-Orlicz-Sobolev spaces, which provide a flex-
ible framework for handling non-standard growth conditions. Previous research in these spaces has
addressed problems similar to (1.1), often under a sign condition on the nonlinearity g (e.g., [1], [2],
3], [7])-

The primary objectives and contributions of this paper are twofold. First, we prove the existence
of solutions for problem (1.1) without imposing a sign condition on the nonlinearity g. Second, we
demonstrate that the solutions belong to the Musielak-Sobolev space W L, (Q2), where o belongs to
a specific class of Musielak-Orlicz functions A, (see Definition 3.1).

The paper is structured as follows. Section 2 reviews essential preliminaries on Musielak-Orlicz-
Sobolev spaces. Section 3 presents key technical lemmas. The main assumptions are detailed in
Section 4. Finally, Section 5 is devoted to stating and proving the principal existence result (Theorem
5.1).

2 Preliminaries

This section introduces fundamental concepts and established results concerning Musielak-Orlicz-
Sobolev spaces.

2.1 Musielak-Orlicz Function

Let © be an open subset of RN (N > 2), and let ¢(z,t) be a real-valued function defined in QR*
satisfying:

(a) ¢(z,-) is an N-function: convex, nondecreasing, continuous, with ¢(z,0) = 0, ¢(z,t) > 0 for
all ¢ > 0, and:
Pz, 1) _

lim sup 0, lim inf M =00
t—0 ,c0 t t—00 xe t
(b) ¢(+,t) is a measurable function.
A function satisfying conditions (a) and (b) is termed a Musielak-Orlicz function.
For a Musielak-Orlicz function ¢(z,t), we set ¢4 (t) = ¢(z,t) and denote by 51 (t) the reciprocal
function with respect to t of ¢, (t), satisfying:

o7 ez, 1) = oz, 07 ' (1) = ¢.
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For any two Musielak-Orlicz functions ¢(z,t) and v(z,t), we introduce the following ordering:
(c) If there exist positive constants ¢ and 1" such that for almost everywhere z € 2:

Y(z,t) < p(x,ct) for t>T,

we write 7 << ¢, and say that ¢ dominates v globally if 7" = 0, and near infinity if 7" > 0.
(d) For every positive constant ¢ and almost everywhere x € Q, if:

lim (sup M) =0 or lim (sup M) =0

t—=0 \ zcQ <10(I7t) t—oo \ zeQ <10(I7t)

Remark 2.1 ([15]) If v << ¢ near infinity, then for every € > 0 there exists k(e) > 0 such that for
almost all x € Q:
v(x,t) < k(e)p(z,et) Vt>0.

Remark 2.2 ([10],[12]) Let ¢p(x,t) be the Musielak-Orlicz function complementary to ¢(x,t) in the
Young sense with respect to the variable s, such that:

P(x,s) = sup{st — (z,t)}.
>0
Remark 2.3 ([10]) The Musielak-Orlicz function ¢(x,t) satisfies the Ag-condition if there exist k >
0 and a nonnegative function h(-) € L*(Q) such that:
p(z,2t) < kp(z,t) + h(z) aex e,

for large values of t, or for all values of t.

2.2 Musielak-Orlicz Spaces

The measurability of a function u : Q2 — R refers to Lebesgue measurability. Consider the functional:

o) = [ ol lu@)dr.
where u : Q — R is a measurable function, and define the set:
K, () = {u: Q+—— Rmeasurable | g, q(u) < +oo},
called the Musielak-Orlicz class. The Musielak-Orlicz space L, (£2) is the vector space generated by
K, (£2), equivalently:

L,(2) = {u : Q — Rmeasurable | 0, 0 (%) < 400, forsome\ > 0} .

In L,(Q), we consider two equivalent norms. The Luxemburg norm:

ullp0 = inf{)\ >0 | /ﬂgp (m,K;)') de < 1}7

llulllp.o = sup /ﬂ fu(z)o(@)]dz,

flolle, o<1

and the Orlicz norm:

where 1 (z,t) is the complementary Musielak-Orlicz function to ¢(x,t). The generalized Holder in-
equality (|2]) is given by:

/ uvdx
Q

The closure in L, (£2) of bounded measurable functions with compact support in Q is denoted by
E,(€). This is a separable space and Fy(Q)* = L,(2). We have E,(Q) = K,(2) if and only if
K,(Q) = L,(Q) if and only if p(x,t) satisfies the As-condition for large values of ¢, or for all values
of t.

< 2||ul|gellvllp.e  forany we L,(Q)andv € Ly (9Q).2.1
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2.3 Musielak-Orlicz-Sobolev Spaces

Let o« = (a1, ®9,...,a,) with nonnegative integers o, |a| = a1 + a2 + - -+ + a,, and D%u denote
distributional derivatives. The Musielak-Orlicz-Sobolev space WL, () (resp. W1E,(£2)) consists of
all measurable functions u such that v and its distributional derivatives up to order 1 lie in L, (£2)
(resp. E,(2)).

Define the convex modular on WL (£2) by:

Pp o) = Y opa(D™).

o<1

The norm on WL, () is given by:

fluel

,¢Q—1nf{)\>0 Q«pn( ><1} foranyu € W'L,(Q).

A

The pair (WL, (), [|u|l1,4,0) is a Banach space if the Musielak function ¢(z, ) satisfies:

thereexistsaconstantc > Osuchthat in§2 p(z,1) > c2.2
z€

The spaces WL, (Q) (resp. W'E,(Q2)) can be identified with subspaces of the product of N + 1
copies of L, (§2) (resp. E,(£2)), denoted by 1L, () (resp. I1E,(92)). We will use the weak topologies
7(IL,(Q),T1E,(Q)) and o(I1E,(Q), 1L, ().

The space W¢E, () is defined as the (norm) closure of the Schwartz space D(£2) in W1E, ().
and the space W§ L, () as the weak o(ILL,(Q),ILE,(Q)) closure of D(Q) in WL, (Q). For further
details on Musielak-Orlicz-Sobolev spaces, we refer to [2].

Define the following spaces of distributions:

WL, () ={feD'(Q):...}.

3 Technical Lemmas
This section presents lemmas essential for proving the main existence theorem.

Lemma 3.1 ([10]) Let Q be an open bounded subset of RN satisfying the segment property. If u €
(Wg Ly, ()N, then:

/ div(u)dz = 0.
Q

Lemma 3.2 ([5]) Let Q be a bounded Lipschitz domain in RN and let ¢ and ) be two complementary
Musielak-Orlicz functions satisfying: (a) There exists a constant ¢ > 0 such that inf,cq p(z,1) > c,
(b) There exists a constant A > 0 such that for all x,y € Q with |z —y| < %

Ap(as t) < t( R ) forallt > 1,3.1
w(y.t)

(c) [qe(x,1)dx < oo, 8.2 (d) There exists a constant C > 0 such that (z,1) < C a.e. in Q. 8.3
Under these assumptions, D(Q) is dense in L, () with respect to the modular topology, D() ic
dense in Wi L, () for modular convergence, and D(R2) is dense in WL, (Q) for modular convergence.

Lemma 3.3 ([15],[13]) Let Q be a bounded Lipschitz domain of RN and let ¢ be a Musielak-Orlic:

oo -1 1
/ %"'N—Jr(lt)dt:oo and /“" L2 OFPSN
0 t N

function satisfying:
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Define a function p; ' : Q[0,00) — [0,00) by:

s -1
oil(z,s) = / SDENJEZ—) dr  forz € Qands € [0, 00).
0

TN
Under the conditions of Lemma 3.2:
WoLe(Q) = Ly, (Q),

where p4 is the Sobolev conjugate function of . Moreover, if o is any Musielak function increasing
essentially more slowly than w. near infinity, then the embedding:

WoLe(Q) = Lo (),
s compact.

Lemma 3.4 ([10]) (Poincaré inequality) Let Q be a bounded Lipschitz domain of RN and let ¢ be a
Musielak-Orlicz function satisfying the conditions of Lemma 3.3. Then there exists a constant C > 0
such that:

lully < ClIVull,  Vu € Wy Ly ().

Lemma 3.5 ([9]) Let Q be a bounded Lipschitz domain of RN and let ¢ be a Musielak-Orlicz function
satisfying condition (3.1). Assume also that ¢ depends only on N — 1 coordinates of x. Then there
exists a constant A > 0 depending only on 2 such that:

/gp(z,\deﬂ: < /gp(z,)\|Vv\)dz forallv € W L,(9).
Q JQ

Lemma 3.6 ([14],[15]) Let u € L,(Q) and u, € Ly(Q2) with ||ug|lp0 < C. If up(z) — u(x) a.e. in
Q, then u,, — u in Ly,(Q) for o(L,(Q), Ey()).

Lemma 3.7 ([15]) Let F : R — R be a uniformly Lipschitz function with F(0) = 0. Let @(x,-) be
a Musielak-Orlicz function and u € Wi Ly(Q). Then F(u) € Wi L,(2). Moreover, if the set D of
discontinuity points of F'(-) is finite, then:

o _ [ Flw)f~ aein{z e Q:u(=) ¢ D},
3I1F(u) N { 0 ’ a.ein{xr € Q:u(x) € D}. 35

Lemma 3.8 ([1]) Let u,,u € L,(2). If u,, — u with respect to modular convergence, then w, — u
for 0 (Lo (), Ly (2)).

Lemma 3.9 ([6],[4]) Under the assumptions of Lemma 3.2, and assuming that o(z,t) depends only
on N — 1 coordinates of x, there exists a constant C; > 0 depending only on Q2 such that:

/Lp(z, |u\)dm§/tp(z,Cl|VuDd:v.
Q Q
3.7

Definition 3.1 Let ¢ be a Musielak-Orlicz function. Define the set:

1
1
o << goand/ © (z,ﬁg_l (m, —1)) dr < ooa.e.inQ} s
0 rl-w~

Agp={cr:QB’.Jr — Ry

where H(xz,r) = @
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Lemma 3.10 Let Q be an open subset of RN with finite measure. Let @ be a Musielak-Orlicz func-
tion under assumption (5.6) and the assumptions of Lemma 3.2. For any uw € W§ L, () such that
Jo ez, [Vul)dz < oo, we have for all x € Q:

—1 d

—i(8) 2 NCR p()' " #C (2, ———— =
OF ()= A Jui>e

(s, |Vu|>ds> 3.8

for a.e. t > 0. Here p is the distribution function of u, and the function C(-,-) is defined by:

@(z,t)

C(z,t) = p

1
—— with H(z,t) =
g @ (0
Cn is the measure of the unit ball of RN, and pu(t) = meas{|u| > t}.

Proof (|2|): By definition of the Musielak-Orlicz function, ¢ is an increasing convex function in
t, then K is an increasing convex function in ¢, and C(-,-) is a decreasing convex function in ¢.

Lemma 3.11 ([2]) Let ¢ be a Musielak-Orlicz function under assumption (3.6) and the assumptions
of Lemma 3.2, and o € A, with o ~ ¢. There exists a constant B <1 such that:

d/ , _1 1 d/
— o(s,|Vul)ds < —p'(t)o | @, Bgy, - — s, |[Vu|)ds ,3.9
i ., Vubds <~ @ ( N ity P VD

for each x € QX and for any u € W3 Ly(Q) such that [, o(z, |Vu|)dz < co.

4 Essential Assumptions

Let Q be a bounded open subset of RN (N > 2), and ¢(z,t) be a Musielak-Orlicz function. Let
Y(z,t) be the complementary Musielak-Orlicz function to ¢(x,t), satisfying the conditions of Lemma
3.2. Let y(z,t) be a Musielak-Orlicz function such that v << ¢.

Consider a Leray-Lions operator A : D(A) C WL, (Q) — WL, () given by:

A(u) = —diva(z,u, Vu),

where a : QRRY — R is a Carathéodory function (measurable in z for every (s, &), and continuous
in £ for almost every x) satisfying:

la(z, s,€)| < ki(e(@) + 45 (v(x, k2ls]) + 05 (o (o, ks[€D)), 4.1

(a(z,s,8) —alx,s,£7)) - (=€) >0 forf #£7,4.2
a(z,s,{) > a- 90(];’ ‘5‘)74'3

for a.e. z € Q and all (s,£) € RRY, where c(x) is a nonnegative function in Ey(Q), and a, A > 0,
ki, ka, ks > 0.
The nonlinear terms g(z, s,£) and o(z, s) are Carathéodory functions satisfying:

lo(w)] > 0,4.4

lg(z, s, )| < e(x) + £(s)p(x, [€]), 4.5
where £: Rt —— R* is a continuous positive function in L'(R), and d(z) € L'(Q).

€ My(€),4.6

oo g~ VisaMusielak — Orlicz function.4.7
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5 Main Results

Let Q be an open bounded subset of RY (N > 2), and let ¢ and ¢ be two complementary Musielak-
Orlicz functions. Define the set:

7'01’7’[}(9) ={u: Q — Rmeasurable | Ti,(u) € D(A)}.

Theorem 5.1 Assume that conditions (4.1)-(4.7) hold, with A, # 0. Then there exists at least one
solution to the following problem:

{ u€ (D NWFL,(Q) Vo€ A, 5.1

(A(w),v) + [ 9(x, u, Vu)vda + (o(u),v) = (u,v) Vo € D(A).

Proof of Theorem 5.1
Step 1: Existence of Weak Solutions for Approximate Problems
Consider the following approximate equation for any n € N:

/ la(x,u, Vu)Vv + g, (z,u, Vu)v + o(uy, )v]de = / pnvdz Vv € Wi L,(),5.2
Q Q

where g, (z,u, Vu) = ﬁ% and (pn)n € D(£2) is a sequence such that:

My, —> (£.5.3

in the sense of distributions.
We prove that for every n, there exists at least one solution wu,, of (5.2) with w, € WiE,(Q).

Proposition 5.1 ([8],[11]) Let ¢ and ¢ be two complementary Musielak-Orlicz functions satisfying
the conditions of Lemma 3.2. Assume that (4.1)-(4.6) hold. Then, for anyn € N, there exists at least
one solution u, € WiE,(Q) of (5.2).

Step 2: A Priori Estimates
Consider the approximate problems:

{ u, € H(Q) NWEE, () Vo € Ay, 5.4

<A(un)7 U> + fQ gn(z, u, Vu)’udl‘ =+ <0’(un), 1}) = <1U‘n7 U> ACRS WOILG (Q)
By Proposition 5.1, there exists at least one solution w,, of (5.4).

Lemma 5.1 Let u, be a solution of the approximate problem (5.2). Then:
1. For all k > 0, there exists a constant C (independent of n and k) such that:

/ a(, To (), VT (un))V Th (un)d < Cok, 5.5
Q

/ o(z, |VTk(u,)|)de < Csk,5.6
Q

/U(Tk(un))VTk(un)da:= / divp(uy) = 0.5.7
Q Q
2. There exists a measurable function u such that:

Uy — u a.e.inf).5.8

a(z, Ty (up), VI (u,)) — @ weaklyin(L,/)(Q))Nfora'(HLw,HELP).5.9
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Proof of Lemma 5.1:
1. Let
(vo € W Lo(Q) N L (Q)

ith vg > 0. Taking v = exp(G(uy))vo as a test function in (5.2), where G(s) = f(f éé(r)dr, we
btain:

/ a(x, up, Vuy,) cxp(G(u,,,,))@Vunvodx + fQ a(x, un, Vuy,) exp(G(uy,))Voodz
Q

+ fg I (2, up, Vuy) exp(G(un))vodz + fQ o (un) exp(G(un))vodz = fg i €xp(G (uy))vode.

10
Using (4.3) and (4.5), we simplify by the term [, £(u, )@ (x, [Vuy|)vodz , and obtain:

Q
By (4.4):

/Qa(:c,un, Vuy) exp(G(uy))Vugdr < /Qun exp(G(un))vodz + /ﬂ c(z) exp(G(uy))vodz.5.12
Taking v = exp(—G(u,,))vp as a test function in (5.2), we deduce:
/Q a(z, un, Vuy,) exp(—G(u,)) Vogdr + /xz c(z) exp(—G(uy))vode > /Q;Ln exp(—G(uy))vodz.5.13
Choosing vy = T (u,)T in (5.12):
; a(, U, V) exp(G(un)) VT (un) Tde < /Q L, exp(G(un))Tk(un)"'der/X2 c(z) exp(G(un)) i (un) T de.
Since £ € L'(R), we have G(—00) < G(s) < G(400) and |G(Zo0)| < éllé“LI(R). Then:

é 1
/QG(I, Ti(un), VI(un) ") VI (un) " de < exp (W%) k [llll a0 + 10l ()] = kCa.

Using (4.3):
/ o(a, |VTi(u,) T)dz < kCs.
Q

Choosing vg = Ty (u,)~ in (5.13), we similarly obtain:
/ p(z, |VTk(u,)~|)dx < kCs.
Q

Results (5.5), (5.6), and (5.7) follow accordingly.
2. Using (3.7):

inf ¢ (x, E) meas{|u,| > k} g/ @ (az, M) dz < / o(z, |VTi(uy)|)de < kCs.
TEQ (&} |un|>k (&) Q

Thus:

kCy

meas{|up| >k} < ——————
" infeo (e, £)

forallnandk.

Assume there exists a positive function M such that lim;_, o, w = +ooand M (t) = essinf ecqp(z,t)
v all £ > 0. Then:

,11{{.1) meas{|u,| >k} =0.
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By property (1) of Lemma 5.1, T} (u,,) is bounded in W L, (£2). Thus, there exists T}, € W3 L, (€2)
such that:

Ti(un) — T weaklyinWg L, (Q) foro(ILL,,, I1Ey), stronglyinE,(Q), anda.e.in .

By (2) of Lemma 5.1, the sequence (u,,),, converges almost everywhere to some measurable function
u. Therefore:

Te(n) — Ti(u)  weaklyinWg Ly () fora(I1L,,, 11Ey,), stronglyinE,,, anda.e.in{2.

3. To prove that a(z, Tk(un), VIk(un))r is bounded in (Ly ()N for all k > 0, let € (E,(2))N be
arbitrary. By (4.1):
(a(z,up, Vuy,) — a(z, uy,, ) (Vu,—) > 0.

Then:
/ a(x, u,, Vu, )dx < / a(x,u,, Vu,, )Vu,de + a(z,u,, ) (—Vu,)dz.
|un|<k |un|<k Jun|<k

By (4.1) and Remark 2.1, there exists &’ > 0 such that v(z,v1 k) < kK ¢(z,1), and for A > 0 large
enough:

jun\skd) (W) de < % [/ﬂ?j)(c(z))d:c—o— /Qk -z, 1)dx + /an(z, H)dz} < C7.5.14

Thus, a(z, Tk(un), ;) is bounded in (Ly(Q))N. By (5.14), (5.5), and the Banach-Steinhaus theo-
rem, the sequence a(z, Tk (un), VI (u,)) remains bounded in (L, (). For a subsequence:

a(x, Ty (un), VI (uy)) — a(z, T (uw), VI (uw)) Z’TL(L#,(Q))NfO’r‘O'(HLW,HE1/,).

Step 3: Almost Everywhere Convergence of the Gradients
To establish almost everywhere convergence of the gradients, we prove the following proposition.

Proposition 5.2 Let (uy)y, be a solution of the approximate problem (5.2). Then:
1.
lim limsup a(x, Uy, Vi, )Vu,de = 0.5.15
m

= nooo J{—(mt1)<un<—m)

2. For a subsequence, as n — 00:
Vu, = Vu a.e.inf).5.16

Proof:
1. Take vg = Ty (ur, — T} (1))~ in (5.5). This function is admissible since vg € W L, (£2) N L> ()
and vg > 0. Then:

—/ a(x, Uy, Vi, ) exp(—G(un)) VT (tun — T (up)) " de < / c(x) exp(—G(un))T1 (un — T (un)) " de.
Q Q

Since p is nonnegative:

l
/ a(z, tp, Vi) exp(—G (u,)) Vg da < exp (—” ”““”) / le(2) | T4 (s~ T ()~ dla.
{—=(m+1)<u,<—m} « Q

By Lebesgue’s theorem, we conclude result (5.15).

2. To show that Vu,, — Vu a.e. in 2, adapt the proof from [16] following the same steps with
¥ = 0.

Step 4: Equi-integrability of the Nonlinearity Sequence
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‘We prove that:
I (T, Up, V) — g(x,u, Vu)  stronglyinL'(Q).5.17

Consider vo = ;" p(s)X{s>n3ds in (5.12). We get:
/ a(x, Up, V) exp(G(uy,))Vugde < / Hon exp(G(un))vodz+/ c(z) exp(G(uy))voda.
Q Q Q

Using (4.3) and (4.5):

+oo |€ 1
of . (ele Vs < ([ etsras ) exo (L) afysioy + v
Up >

«

Cy [T
/ L(un)p(x, Vuy,)de < —/ £(s)ds.
{un>h} & Jh

Since ¢ € L*(R):
lim sup / L(un)p(x, Vuy,)de = 0.5.18
{un>h}

h—00 neN

Similarly, taking vy = fou" P(8)X{s<—nyds in (5.13):

lim sup/ C(un)p(x, Vuy,)de = 0.
{un<—h}

h—00 ne N

We conclude:
lim sup / C(un)p(x, Vuy, )de = 0.
{lun|>n}

h—>oo,,,eN .
Let D C Q. Then:

/ C(up)p(x, Vuy)de < maxé(s)/ p(x, Vuy, )da + C(un)p(x, Vuy)dz.
D [s|<h D{|un|<h} DN{|un |>h}

Consequently, ¢(u,,)p(x, Vu,,) is equi-integrable. Since €(u,,)@(z, Vu,,) converges to £(u)p(x, Vu)
strongly in L!(€), we obtain the result.

Step 5: Verification that « Satisfies (5.1)

- Uy, is bounded in W{ L, () and converges to u strongly in L, (£2), where o € A,.

First, take T (w,, — T¢(uy,)), € > 0, t > 0 as a test function in (5.4). From (4.5) and (5.18):

/ a(x, wry, Vu, )de < eCho.
{t<lunl<t+1}

The constant C1¢ is independent of n, €, and ¢. Then:

1 C
- / p(x, Vu,)de < ~10.
€ J{t<un|<t+1} ae

_4a
At S, >0}

Letting e — 0O:
C
p(x, Vuy,)de < %.5.19

Second, let o € A, with o ~ ¢. Using Lemmas 3.10 and 3.11, equation (5.18), and techniques from
[10], we deduce that Vu, is bounded in L, () for each o € A,. Thus, u, is bounded in W L, (2)
for each 0 € A,,.

- a(z,u,, Vu,) — a(z,u, Vu) weakly for 0 (I1L,o4-1,11E), where and oo g~
mentary Musielak-Orlicz functions.

1

are two comple-

dmald Aokl als
571 o

it

(2025 U (2):.&;.!\ (8).Ll§\
https://doi.org/10.54582/TSJ.2.2.140



3 auugf Blab b (@B padYilws jand Jol1 314)
8

— Nyl — A g Dlsliad
) ) oo da s g et o Aot

ixistence of solutions for some nonlinear elliptic problem with measure data ... 11

Using (4.1) and Remark 2.1:

[ roq (1ot e < [ oy (§ letw) + )iz (ol unl) + 05 (o 22l V)] )

Since o o g~ ! is a Musiclak-Orlicz function:

[sog (1Mot o< L [ oog (Ge@) +ooa™ (SR (pledul) ) +

cog ! (w;l (éw(w,vzwunn))dx

.20
By definition of the Musielak-Orlicz function:

ooty < 20D,

By definition of H:
ez, g7 (t/2)) < P(z,t).
Hence, by Remark 2.1:

sogt (%c(z)) < byg! (%q@) < kyo(z, ofx)).5.21
Also:
og7 (Jur et ) ) < 097 (G (onptadalun)) ) < aog™ (PEEIEDY 500

shere k2 = max(L, k(v1)). Then:
7og7 (G (kton)eta ) ) < kag(e, ) 5.23

And:
7og (0 (onpto i Vul)) <z oq (

Using Remark 2.1:

P, 02| V)

N2 ) = o(z,v2|Vuy,l).5.24

1
705 (a0l Vunl)) ) < kag(e. [V ])525
Applying (5.21), (5.23), and (5.25) in (5.20):

1 9 sy V n
3 A cgog ! (W) dr < /5; (k1 (z, c(x)) + kap(z, |un|) + kap(x, |Vuy|)] dz < Cqy.

Consequently, a(z, un, Vu,) — a(z, u, Vu) weakly for o (IIL 041, 11E).
- Taking v € D(Q2) as a test function in the approximate equation (5.2):

/a(z,un,Vun)Vvd:c+/g(z,umVun)vdac+/divo‘(u)vdac:/unvd:c.
Q Q Q Q

Since u,, — u strongly in (Ex(Q))Y for every H << o, for all o € A, using (5.16) and (5.3), we
an pass to the limit as n — +o00 to complete the proof of Theorem 5.1.
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