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Proving the Existence of Entropy Solutions in Strongly Nonlinear
Settings in Weighted Orlicz Spaces

Mohammed Al-Hawmi - Abdullah Al-Najar— Bassam Al-Hamzah

Abstract

This paper investigates the existence of entropy solutions for strongly
nonlinear elliptic problems characterized by nonstandard growth
conditions. The considered problem is driven by divergence-form operators
involving weighted nonlinear terms and lower-order perturbations, with
data belonging merely to (L' (Q)). . The analysis is carried out within

the framework of Orlicz space (Wo' L m (@,p)), | which provide a natural
setting for capturing spatially dependent and anisotropic growth behaviors.
Under the assumption that the conjugate Orlicz function M(t) satisfies the

(A 2)- condition. The existence of entropy solutions is established without
imposing the standard polynomial growth restrictions on the nonlinear
term with respect to the gradient variable. The proof relies on appropriate
truncation techniques, compactness arguments, and refined embedding
results in weighted Orlicz spaces. These tools allow us to overcome the lack
of regularity of the source term and the strong nonlinearity of the operator.
The results extend and unify several known existence theorems for elliptic
problems in classical Orlicz and Sobolev spaces. And they contribute to
the theoretical foundation of nonlinear elliptic equations arising in applied
models with heterogeneous and nonuniform material properties. This
work is a generalization of the work developed for previous work without
the presence of the 8(x, s,& ) satisfies only some nonstandard growth with
respect to|g].

Keywords: Nonlinear elliptic problem, entropy solutions, weighted
Orlicz spaces, compact imbedding.

Copyright: ©2026 Mohammed Ali Mohsen Al-Hawmi et al. This article is an open-access article
EY distributed under the terms and conditions of Creative Commons Attribution (CC BY 4.0) license.
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1 Introduction
In this study deals with existence of entropy solutions to the following nonlinear Dirichlet problem:
A(w) +g(z,u,Vu) = f in Q,

.

=0 on 01,

(1.1)

Where Au) = —dw(p(z)a(m u, Vu)), Q is a bounded domain ofﬂ?(N > 2).a(z,u, Vu) = (a;(z,u, vu))1<i§N;
QxR x RN — IR is a Carathéodory functions (that is measurable with respect to z in

Q for every (s,€) € IR x IRV, and continuous with respect to(s,&) € IR x IRN for almost everyr €

Q) such that for all &€in RN

——1 —1

[(ai(z, 5,6)| < ¢i(w)| + KPP~ (p~" (@) M (cals])) + KiM M (cil€]), (1.2)
(a’(xvs’g) 70’(1‘757&/))(575) >0, (13)
a(x,s,€)& > M(M€)), (1.4)

where ¢y, ca, Ay and K; belongs to IR, .M, P be two N-functions such that P << M. Furthermore
M, P be the complementary functions of M and P respectively, p be a weight function on € (that is,
measurable and positive a.e. on Q) and ¢; € F(Q, p).

In addition, the function g(z, s, §) is a Carathéodory function satisfying:

9(x,5,£)s >0, (1.5)
lg(z, s, )] < b(|s)(c(x) + M([E])), (1.6)
ferll@). (1.7)

The notion of entropy solutions, used in [11], allows us to give a meaning to a possible solution of
(1.1). In fact, in [11], Boccardo proved, for p(x) = 1 and p such that 2 —1/N < p < N, the existence
and the regularity of an entropy solution u of problem (1.1). For the case that p(z)=1, ¢ = 0 and f is
a bounded measure, Bénilan et al. [17] proved the existence and the uniqueness of entropy solutions.
The same problem is treated by using the notion of entropy solutions introduced in [24], where p(x)
=1, f e L'(Q), and f € LP' (Q)N

The reason for this, is that a(z, s, Vu) does not need to satisfy the strict monotonicity condition that
is,

(ale.5.6) —ale.5.6) (€ =€) >0, forall €€ RV, (€ #8),

of a typical Leray-Lions operator but only a large monotonicity that is

(a(a:, s,€) —a(z, s,é)) (= f) >0, for all & €€ RN,

and g(z, s, &) presents the nonlinearity of the problem (1.1).
Bensoussan, Boccardo and Murat [16] proved the existence of solutions for the Dirichlet problem of
the form (1.1),where g(z, s, ) satisfies :

lg(x,5,8)] < b(|s])(c(x) + €]P  (natural growth condition) ,

g(z,8,8).s >0 (sign condition) .

Further reference is made to [3, 4] for more details. Benkirane and Elmahi [15] have proved the exis-
tence theorem of the problem (1.1) in Orlicz-Sobolev space WL (Q), by assuming a sign condition
and a natural growth condition on g(z, s,£) of the form:

lg(x,s, &) < b(|s])(c(x) + M (‘5‘)) (M(.) is an N-function ).
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The N-function M(.)is supposed to satisfy the As-condition and the domain Q of IR™ satisfying the
segment property, in order to construct a complementary system

(W Lag (), Wg Eng (2); W1 Ly (Q), W E7()).

The primary objective of this research is to establish the existence of entropy solutions to equation
(1.1) under a weaker assumption known as the large monotonicity condition. This result is derived by
utilizing the almost everywhere convergence of the gradients of the approximate equations, a strategy
which is particularly relevant given the challenges inherent in directly proving this property within
our current framework. Specifically, the standard approach to proving such existence results does not
apply in the context of this study. To achieve the desired conclusion, a modified version of Mintys
lemma is used, relying on a technique first introduced by Minty [26]. This lemma provides an essential
tool for overcoming the difficulties posed by the weaker monotonicity assumption, and its application
in this context marks a significant contribution to the broader field of partial differential equations and
variational analysis. The structure of this academic article is organized as follows: In Section 2, the key
definitions and essential properties associated with the framework of weighted Orlicz-Sobolev spaces
are presented. These spaces play a crucial role in the formulation and analysis of the problem at hand.
In this section, an abstract theorem forming the basis for the subsequent analysis is presented, and
several auxiliary results necessary for proving the main theorem are established. Section 3 is dedicated
to stating the main result and providing the detailed proof, which leverages the tools developed in
the previous section. Through this approach, a comprehensive and rigorous solution to the problem
posed by equation (1.1) is sought.

2 Preliminary

This section provides a comprehensive overview of key definitions and well-established concepts related
to N-functions and weighted Orlicz-Sobolev spaces. These topics are extensively examined in the
literature, with foundational references available in works such as [1] and [19]. The aim is to outline the
core principles and theoretical underpinnings that inform the current understanding and application
of these mathematical structures.

2.1 N-function.

Let M : IRT™ — IRT be an N-function, i.e. M is continuous, convex, with

M(t) >0 for t>0,%(t)~>0 as t — 0 and MT(t)%oo as t — oo.

Equivalently M admits the representation :
t
MG%:/‘mﬁMﬂ
0

where m : IRT — IRT is non-decreasing right continuous, withm(0) = 0, m(t) > 0 for ¢ > 0 and m(t) —
oo as t — co. The N-function M conjugate to M defined by

M@:fmmm

where m : IRT — IR is given by m(t) = sup{s : m < t}. It is well established that m and m may
be assumed to be continuous and strictly increasing. The corresponding N-functions are extended to
even functions defined over the entire domain IR™.

Clearly M = M and has Young’s inequality

st < M(t)+ M(s) for all s,t>0.
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The N-function M is said to satisfy the As-condition every-where (resp. infinity) if there exist & > 0
(resp. to > 0).
Let P and Q be two N-functions, the notation P << @ means that P grows essentially less rapidly
—1
(t)han Q, that is to say for all € > 0, Qp—((z% — 0 as t — 4o00. That is the case if and only if % —
as t — oo.

2.2 Orlicz-Sobolev space.

Let Q be an open subset of IRY and M be an N-function. The Orlicz classe Kj;(Q) (resp. the Orlicz
spaces K(€))) is the set of all (equivalence classes modulo equality a.e. in Q of) real-valued mea-
surable functions u defined in Q and satisfying

/QM(u(a:))dx < oo (resp. /Q M (@) dz < oo for some A > O) .

L/ () is a Banach space equipped the norm:

lullarg = inf {/\>O:/QM(L;)|) dr < 1}. @.1)

The closure in Ly (Q)of the set of bounded measurable function with compact support in Q is denoted

by Fy(£2) The usual form is obtained Fp(2) € Ky (Q) C Lar(2))).

The equality Lp (2 = Ep(€2) hold if and only if M satisfies the As-condition, for all ¢ or for t
large according to whether € has a infinite measure or note.
The dual of Ep () can be identified with Las(€2) by means of the pairing [, u(2)v(x)dz where u €
L () and v € Lz7(2) and the dual norm on L7 is equivalent to ||.[l57 ¢-
The space Lpr(Q) is reflexive if and only if M an M satisfy the Ag-condition for all ¢ or for ¢ large,
according to whether 2 be infinite measure or note.
Attention is now directed back to the Orlicz-Sobolev spaces W' Ly, (Q)(resp. W1Ep(Q)) is the space
of all function u such that u and its distributional derivatives up to order 1 lie in L/ () (resp. in
EpN(Q)). It’s Banach space equipped the norm:

|10 = Z | D%ul|ar,0- (2.2)

Thus WL (Q) and WIE (Q) can be identified with subspaces of [[ Lys the weak topology is con-
sidered o (I1L s, 11ENy) and o (I1Las, 11 L7;).

The space Wg Enr () (resp. Wi Lar (2))is defined by the closure of D(€2) in W Ej () (resp. WL (92))
for the norm (2.2)(resp. for the topology o(I1L s, I1Ly;).

[l

Definition 2.1 The sequence w,, converges to w in L (2) for the modular convergence (denoted by
Un — u (mod)Lp (Q)) if

/M(lu"—/\_ul)dxﬁoasn~>ooforsome)\>0.
Q

2.3 Weighted Orlicz-Sobolev space.

Let © be a domain in IRY, M be an N-function and p(x) be a weight function on 2, i.e. measurable
positive a.e. on 2 such that:

p e LNQ). (2.3)
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The weighted Orlicz classe Kpr(2, p) (resp. the weighted Orlicz space Lj(€2, p) is the set of all
(equivalence classes modulo equality a.e. in €2) of real-valued measurable functions u defined in £ and
satisfying:

mp(u, M) = foy M(ju(@)|)ple)da < o0

(resp.mp(;, M) = / M (@) p(x)dx < oo for some A > 0) .
Q

Lp(€, p)is a Banach space under the norm :

lullar, = inf {/\ > o;mp(§,1\4) < 1} . (2.4)

The closure in Ly (9, p)of the set of bounded measurable function with compact support in Q is
denoted by Fn (€, p) are usually conducted En (82, p) C K (2, p) C L (82, p))).

The equality Las (€2, p) = Ea(€, p) hold if and only if M satisfies the Aj-condition, for all ¢ or for ¢
large according to whether € has a infinite measure or note.

Remember that spaces Ly (€2, p) and Ly7(€2, p) are naturally associated by duality

(u, vy = /sz u(z)v(x)p(x)d(x), v € Ly (2, p),v € L37(2, p),

giving what’s called the Orlicz norm on L37(£2, p), which is

lulllar, = sup /Q u(@)v(@)p(a)d(a), my (v, 7 < 1),

The dual of Epf (€, p) can be identified with Ly(€, p) (see [12]). Tt is easy to prove (as in the case
of non-weighted spaces) that

lullaze < llulllaz, < 2lwllar,
he space L (82, p) is reflexive if and only if ManM satisfy the As-condition for all ¢ or for ¢ large
according to whether Q be infinite measure or note. A return is now made to the weighted Orlicz-
Sobolev spaces WLy ((2, p)) (resp. WEEpN((€2, p)) is the space of all function u such that u € Lps(§2)
(resp. u € Ep(€2)) and it’s distributional derivatives up to order 1 lie in Las(, p) (resp. Lar(Q, p)) -
It’s Banach space under the norm

flu

[1ar,0 = Nullar + [IVullar,p. (2.5)

(Where |lullar = ||u|lar,0). Thus WL ((Q, p)) and WEEN((Q, p)) can be identified with subspaces of
TILr, = LarxTILLAf (€2, p) the weak topology is considered o(I1Lyy ,, o(ILES;, p) and o (I1Lyy ,, o (ILLy7, p)
the space Wi Ep(Q, p) (vesp. W3 L (€, p) is defined by the closure of D(2) in WEy ((22, p)) (resp.
WL ((£2 p))) for the norm (2.5)(resp. for the topology o(I1Lay,,, o(ILE7, p))-

Definition 2.2 The sequence w,, converges to w in L (2, p) for the modular convergence denoted by
w, = u (mod) La((2p)) if [ M (¥27%) p(z)dz — 0 as n — oo for some X > 0.

Definition 2.3 The sequence u, converges to u in W Ly ((Q, p) for the modular convergence (de-
noted by u, — u(mod)WLy (2, p) if for some A >0 [, M (%27%) dz — 0 as n — co and

Jo M (w) p(x)dz — 0 as n — oo for |a| = 1.

Lemma 2.1 [10] Let M be an N-function. If u, € L () converges a.e. to u and u, bounded in
Ly (Q), the u € Ly () and u, — u for the topology o (L (), Eq7(€2, p)).

Lemma 2.2 [10] If the sequence u, € Lp(Q,p) converges to u a.e. and bounded in Ly (2, p),
therefore u € Lp (2, p) and u, — u for the topology o(Lar(S2, p), E57(£2, p))-
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Let © an open bounded locally-border lipschitzian in RN, p the weight function and M an N-function.
Let the following integrability assumptions :
There exists a real s > 0 such that:

(M (t)) 1 be N-function and that p=* € L*(€), (2.6)

> t
—————dM(t) = oo, 2.7
/1 M(t)1+ NGFD) (t) = o0 27)

41
. 1 v M (w)
B VO] /0 e =0 (28)

Remark 2.1 In the particular case where M (t) = %(1 < p < ), the first part of (2.6) is satisfied
if s > L.
p—1

Theorem 2.1 (See[2] Theorem 9-5). Let Q an open bounded subset of IRN with locally- lipschitzian
and M an N-function. Suppose that assumptions (2.6) - (2.8) are satisfied. The following compact
ingection is introduced :

WILM(Q, p) —— EM(Q)

This study also use the following technical lemmas.

2.5 Some technical lemmas

Lemma 2.3 Let fn, f € (Q) such that f, > 0 a.e in Q and [, fn(z)de — [, f(z)dz. Consequently
fn — f strongly in L'(Q).

Lemma 2.4 Let F : IR — IR be uniformly Lipschitzian, with F(0) = 0. Let u € W3 Ly (9, p), the
F(u) € WELam(Q, p). Additionally, if the set D of discontinuity points of F' is finite, therefore

9] [ F'(u) 6;’; a.e in{z € Qu(z) ¢ D},
TLF(U) N { 0 inaa.e {z € Qu(x) € D}.

Proof. It is hypothesized that F is also C!, there exist a sequence u, € D(Q) such that u, — u
(mod)W 1 Ly (9, p). Passing to subsequence, it is assumed that

D%u,, - D*u¥|a| < 1 a.ein Q.

From the relation |F(s)| < k|s|, where k denote the Lipschitz constant for F', and %F(un) =

F'(uy,) Z’;’i‘, the results suggest that F(u,) remains bounded in W¢ Ly (€, p). Thus going to a further
subsequence, it was obtained

F(u), »we W&LM(Q,p) for G’(HL]\/[”,,,HEMW),

and also by a local application of the compact imbedding theorem, F(u,,) — w a.e in £2. Consequently
w = F(u), and f(u) € W3 Ly (€, p). Finally, by the usual chain rule for weak derivatives,

13} gy Ou .
B—%F(u) =F (U)B_@ a.e. in Q. (2.9)

For the general case. Taking convolution with the mollifiers, a sequence is obtained F,, € C*°(IR) such that
F,, — F uniformly on each compact, F},(0) = 0 and |F/,| < k. For each n, F,,(u) € W} L (£, p), and
hence (2.9) with F replaced by F,. Finally (2.9) follows from the generalized chain rule for weak
derivatives. The following lemmas follow from the previous lemma.
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Lemma 2.5 Let u,v € W Ly (€, p) and let w = min(u,v), consequently w € Wi Ly(€,p) and
g_w ={ 2 aein{reQu(x) <v()}, £ acin{zeQu)> ()}
% § ‘

Proof. Note that min (u,v) = u — (u — v)* and apply lemma 2.4 with F(s) = s*. The truncate
operator is introduced. For a given constant k& > 0, the function was defined T}, : IR — IR as

s if |s| >k,
Tk(s)z{ ke it s> k.

Lemma 2.6 Assume that (2.6) - (2.8) holds. Let u € W{Las(Q,p), and let Ty(u),k € R*, be the
usual truncation the Tj,(u) € Wi Ly (S, p). Furthermore, given that the

Tr(u) — markedly in Wg L (2, p).

Lemma 2.7 Let u,, be a sequence in Wi Lys(Q, p) such that u, —— u
Jor the topology o(T] Ly p, [T E5z ,)- thus Ti(un) = Tio(u) for o(T] Las,p, [T E57 ,)-

Proof. Since u, — u and Wg Las(Q, p) <> Ep(Q) it has found that u,, — u significantly in Ej(Q) and a.e. in Q,
then Ty (u,) — Tk(u) a.e. in Q. On the other hand, for some A > 0,

/QJV (M) dz < /QM (@) dz,
and
AM <W> ple)de = L M (W) pla)dr < /Q M (@) plz)dz,

imply that
ITe(wn)llr,p < Nnllsg,pe
Subsequently (T%(u)), is bounded in Wg L (€2, p) hence by lemma 2.2 , given that the Th(u), —
Tk (u) in WolLM (Q, p)
for U(LM(Q7 P)7 Eﬁ(g’ p))

Lemma 2.8 If the sequence u, € En(Q,p) converges a.e. in Q with p € LY(2), it converges in
norm in Ea(Q, p) if and only if the norms are uniformly absolutely continuous, i.e. for each € >
0 there exist § > 0 such that ||unXg|r,p <€ for all n and E C Q with |E| < 0.

Proof. By the same argument introduced in in the proof of lemma 11.2 in [9] it is found that £, ,, =
{z € Q: |up (@) — up ()|} where a = Mfl(m) and with § > 0 such that

€

3

It is denoted by H(En(S2),r) the set of functions u € L (Q2) whose distance to FEj;(Q) (with re-

spect to the Orlicz norm) is strictly less than r and by By,,, (€2)(0,r) the ball in Lj;(£2) (with respect
to the Orlicz norm) of radius r and center 0.

llunXpllar,y <

Lemma 2.9 Let (Q) be bounded subset of RN with finite measure. Let M, R and Q be N-functions
such that @ << R, and let f be a Carathéodory function such that for a.e. x € Q and all s € IR :

f(z,9)| < b(x) + k1B~ (p-1 (2)Q(kas])). (2.10)

where 0 < b(z) € Ep(Q, p), p € L' and k1, ke € IRY. The Nemytskii operator

Ni(u)(z) = f(z,u(x)),
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(1)Sends (H(FEq(Q), %))T into Lr(Q2, p) and is continuous form (H(Eq(Q), %))T to the norm topol-
ogy of (LQ(R))P into Lr(82, p) to the modular convergence;

(2) Its uniformly bounded on (Br, (0, %))7’;

(3) If b(x) € LR, (2, p) with Ry << R, Ny is continuous to the norm topology of Er, (X, p).
Proof.(1)Let u = (u1,u2,---,un) € (H(EQ(Q),,C—IQ))”. Since d(u; Eq(2)) < %2(1 < I < P),itis
confirmed that [, Q(kz|u|)dz < 1, (see Theorem 10.1[9]). Let A > 2k; such that % € kr(Q,p). By
the growth condition (2.10) and convexity of R, it is obtained

[ (e sy < 5 [ 1 (22 piarde 5 [ RChalut)de < oc.

On the other hand, suppose that

S5 e aluw

w = ue (H(E@. ,}))

and let a > 0 such that d(k2|ul, Eq(2)) < a < 1 and d(k2|ul, Eq(Q)) < 1 —« < 1. It is confirmed
that 22|u| € Kqg(Q) and {£2-|u| € Kg(Q) (see theorem 10.1 [9])and for A > 4k; such that &/\I) €

KRr(Q,p), is observed
/ R ('f(xvun) - f(aj7u)|) p(z‘)dl‘
Q A

<
- A

< %/QR (41)/(\1)) p(a)dr + 1 ;0‘ /QQ <1li2a|un 7u|> p(x)dx
/e (%'”') ar+ 7 [ QUislulda.

Since Q(k2|ul) < Q (2]u|) , the last inequality becomes

[ (M) TGl

< %AR(““”)p(m)dH/ ( Za\uwm) dot [ QUaludr,

which implies by using the Vitali’s theorem
f(z,u,) = f(z,u)(mod)in Lr(2, p), (See [3] p52)

[ (R BT QU ) T QUG )
Q

for a subsequence denoted again u,, (which holds for the whole sequence).
(2)Let now u € (Br,o)(0,%))” and let A > 2k such that [, R(%)p(w)dw < 1. By the growth
condition (2.10) and the convexity of R, is obtained

[ (L) poae < 3 [ 7 (252) pwrae+ 5 [ QUislutoas <1,

which implies (2).
(3)Suppose that b(z) € Eg, (2, p)withR; << R. As in(1), since Lr(Q2,p) C Er,(Q,p), it can be
)

demonstrated that f(x,u) € Fg, (Q,p) for all u € (EQ(Q), é) . Suppose now that

Un = u € (EQ(Q), k%)p in (Lo(Q)P.

ald Lol ) [ 480
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f(z,un) — f(z,u)(mod) in Eg, (£, p).

Fix € > 0, as stated above

/QRl (w) p(a)de < i/ﬂRl (41’5”)) p(x)da

3 [ (R e @Rl ) wids+ ¢ [ Ry (TR @) ) pla)as.

Since R; << R, there exists K’ such that Ry (4—’:lt) < R(t) + K’ for all ¢ > 0. The last inequality
can be written as the form

Am(ﬂﬂ@gﬁﬂﬂ}mwéiém<W”)<Ww [ @tislunlya

1 K
+7/ Q(k2|u\)dm+—/ p(z)dz.
4 Jo 2 Jo

As in (1) by using the Vitali’s theorem, can be obtained
/ R, (M) p(2)dz = 0 as 1 — oo,
Ja €

for a subsequence (which holds for the whole sequence). Since € is arbitrary, it is concluded that.

3 Main results
Let Y be a closed subspace of WLy (€, p) for o(I1Ly, ,, HEsz ) and let
Yo=Y NWLy(Q,p),

such that Y is the closure of Yj for (ILLjs ,, HEﬁ’p). In the next, the complementary system is con-
sidered (Y, Y0, Z, Zy) generated by Y i.e. Y5 can be identified to Z and Z§ can be identified to Y by
the means (.,.). Let the mapping T (associated to the operator A) defined from

D(T)=ueY, ay(z,u, Vu) € L37(Q),a;(x,u, Vu) € Ly7(Q) into Z by the formula

Bv(z)

a(u,v) =/ ao(z,u, Vu)v(x)de + Z /al(z u, V) p(xz)dx Vv €Y.

1<i<N

The complementary system is taken into consideration in this study
(Y, Y0, Z, Zo) = (W5 La (2, 0)), (Wo Ear(€2,0)), W Eg7(Q, p), W™ Liz(€2, p).

Our main results are collected in the following theorem.
Theorem 3.1. Under the assumptions (1.2) - (1.7), (2.6) - (2.8) and p(«) be a weight function on 2
satisfy (2.3) there exist an entropy solution u of the problem (1.1).

3.1 Main Lemma.

Lemma 3.1. Let u be a measurable function such that T} (u) belongs to Wi Las(, p) for every k > 0.
Then

/a(z,u,Vu)VTk(quS)der/g(z,u,Vu)Tk(ufqﬁ)de/ fTk(u — ¢)da, (3.1)
Q Q Q
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1 Introduction
In this study deals with existence of entropy solutions to the following nonlinear Dirichlet problem:
A(w) +g(z,u,Vu) = f in Q,

.

=0 on 01,

(1.1)

Where Au) = —dw(p(z)a(m u, Vu)), Q is a bounded domain ofﬂ?(N > 2).a(z,u, Vu) = (a;(z,u, vu))1<i§N;
QxR x RN — IR is a Carathéodory functions (that is measurable with respect to z in

Q for every (s,€) € IR x IRV, and continuous with respect to(s,&) € IR x IRN for almost everyr €

Q) such that for all &€in RN

——1 —1

[(ai(z, 5,6)| < ¢i(w)| + KPP~ (p~" (@) M (cals])) + KiM M (cil€]), (1.2)
(a’(xvs’g) 70’(1‘757&/))(575) >0, (13)
a(x,s,€)& > M(M€)), (1.4)

where ¢y, ca, Ay and K; belongs to IR, .M, P be two N-functions such that P << M. Furthermore
M, P be the complementary functions of M and P respectively, p be a weight function on € (that is,
measurable and positive a.e. on Q) and ¢; € F(Q, p).

In addition, the function g(z, s, §) is a Carathéodory function satisfying:

9(x,5,£)s >0, (1.5)
lg(z, s, )] < b(|s)(c(x) + M([E])), (1.6)
ferll@). (1.7)

The notion of entropy solutions, used in [11], allows us to give a meaning to a possible solution of
(1.1). In fact, in [11], Boccardo proved, for p(x) = 1 and p such that 2 —1/N < p < N, the existence
and the regularity of an entropy solution u of problem (1.1). For the case that p(z)=1, ¢ = 0 and f is
a bounded measure, Bénilan et al. [17] proved the existence and the uniqueness of entropy solutions.
The same problem is treated by using the notion of entropy solutions introduced in [24], where p(x)
=1, f e L'(Q), and f € LP' (Q)N

The reason for this, is that a(z, s, Vu) does not need to satisfy the strict monotonicity condition that
is,

(ale.5.6) —ale.5.6) (€ =€) >0, forall €€ RV, (€ #8),

of a typical Leray-Lions operator but only a large monotonicity that is

(a(a:, s,€) —a(z, s,é)) (= f) >0, for all & €€ RN,

and g(z, s, &) presents the nonlinearity of the problem (1.1).
Bensoussan, Boccardo and Murat [16] proved the existence of solutions for the Dirichlet problem of
the form (1.1),where g(z, s, ) satisfies :

lg(x,5,8)] < b(|s])(c(x) + €]P  (natural growth condition) ,

g(z,8,8).s >0 (sign condition) .

Further reference is made to [3, 4] for more details. Benkirane and Elmahi [15] have proved the exis-
tence theorem of the problem (1.1) in Orlicz-Sobolev space WL (Q), by assuming a sign condition
and a natural growth condition on g(z, s,£) of the form:

lg(x,s, &) < b(|s])(c(x) + M (‘5‘)) (M(.) is an N-function ).
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is equivalent to

/Qa(ac, u, Vu)VTi, (v — ¢)pdx + /Qg(x, u, Vu)Ti(u — ¢)dz = /Q fTi(u— ¢)de, (3.2)

for every ¢ € Wi Ly (9, p), and for every k > 0.
Proof. In fact (3.2) implies (3.1)is easily proved adding and subtracting

/ a(x,u, Vu)VTy(u — ¢)pdx + / g(z,u, Vu) Ty (u — @) pde,
Q Q

and using assumption (1.3). Thus, it remains to prove that (3.1) implies (3.2). Let h and k be positive
real numbers, letA €] — 1,1[ and ¥ € Wi Ly (Q, p) N L=(Q).
Choose ¢ = T, (u — ATj(u — W) € Wi Lar (2, p) N L*(R) as test function in (3.1), one obtains:

Ink < Jhk, (3.3)

with

Ihkz/a(a:,u,VT;L(u—‘II))VTk(u—Th(u—)\Tk(u—\Il)))dz+/ g(@,u, VI, (u—)) i (u—Th (u— ATk (u—W)))da,
Q Q

and
T = / FTe(u — T (1 — ATy (u — W)))da.
Q
Put
Ahk = {I € Q, \u — T;L(u — )\Tk(u — ‘1/))| < k‘},
and

Bhk = {QJ S Q, \u — )\Tk(u — \I/)‘ < h},
it is derived that

T = /A e, VT (0 X = W)V~ Ty = X — W)
+/ g(x,u, VI (u — AT (w — O))Th(u — Th(u — AT (v — ¥)))de
AknNBhk
+/ a(x,u, VI (u — ATy (v — 0))) VT (u — Ty (w — ATy, (v — ¥)))dx
ArnnBg,
+/ g(x,u, VI (u — ATk (w — V) Tk (w — Th(u — ATj (v — W)))dx
AgnnBg,

+/c a(x,u, VI, (u —U)) VT, (v — T (v — ATy (u — 0)))dz

+/ g(z,u, VI (w — V) Tk (uw — Th(u — NIk (u — ¥)))dz.
Afp

Since VT (u — Tj(u — AT (u — V))) is different to zero only on Ay, it follows that

/A a(x, u, VI (u — Xy (u — 0))) VT (v — Th(uw — NTi(u — V)))da

+ /A" g(@,u, VI (u — NI (v — )Tk (v — T (v — NTj (w — ¥)))da: = 0. (3.4)

Furthermore, if 2 € B, the result is VT},(u — ATk (u — ¥)) = 0 and using (1.4), this implies that,
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/A . a@, u, VT (u — AT (u — O))V Tk (w — Th(u — AT (u — ¥)))da:
+ /A e gz, u, VI (v — ATk (u — U)) T (u — Th(u — ATk (uw — ¥)))dx
= / a(x,u,0)VTi(u — Th(u — NTj(u — V)))dx

ApnnBg,

+/ g(z,u, 0)Tk(uw — Th(u — X (u— ¥)))dx = 0. (3.5)
AR B,
From (3.4) and (3.5), this yields

Iny = /A . a(x, u, VI (u— Ny, (u — ) VT (v — T (u — AT (u — ¥)))dz

+/ (@, u, VT (u — N (u— W) T (u — T — NT(u — ¥)))de.
AknNBri
Letting h — o0, |A| < 1, it is obtained that
Ay, = {z, N|Tk(w — )| < h} = Q, (3.6)
Bpi — Q which implies Apn N B — Q. (37)

‘Which and using Lebesgue theorem, it is concluded that

lim a(x,u, VI (u — N (u — ¥)) VT (w — Th(u — X (u — W¥)))dx

h=400 J A (B

+ lim g(x,u, VI (v — NT(u— )Tk (v — Th(u — XTp(u — ¥)))de

h—+o0 Ajn Bk

- )\/Qa(a:, w, V(u — NTi (4 — 0))) VT (u — W)

+)\/ 91, V(1w — Nt — 0)) Ty (u — W)l (3.8)
Q

Thus implies that,

hETooIhk =)\/ﬂa(z,u,V(u—)\Tk(u—\I!)))VTk(u—\IJ)dz-ﬁ-)\/Qg(z,u,V(u—)\Tk(u—‘Il)))Tk(u—\I!)df.

(3.9)
On the other, it follows that,
T = [ T Th(u = M= 9))) o
Q
lim / FT(u— T (u — AT (1 — 0)))da = /\/ FTe(u— W)da, (3.10)
h—+oo Q Q
ie.,
lim Jue = /\/ FTe(u— 0)))da. (3.11)
h—+oo Q

Together (3.9),(3.11) and passing to the limit in (3.3), it follows that,

)\(/ a(z,u,V(u—/\Tk(u—\I!))VTk(u—'II)dz)+)\(/ g(x,u, V(u=ATj(u—V)) T, (u—V)dz) < )\(/ fTy(u—V)dx),
Q Q Q
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for every W € W Lar(2, p) N L>=(R2), and for every k > 0. Choosing A > 0 dividing by X , and letting
A and to zero, it is hypothesized that

/Q a(z,u, Vu)VTi(u — W)dx + /Qg(:z:,u7 Vu)Ty(u— V)dae < /Q ST (u— W)dx. (3.12)
For A < 0 dividing by A, and letting A and to zero, hence, the following holds

/g a(x,u, Vu)VT,(u — VU)dx + /g;g(z,u, Vu)Ti(u — ¥)dx > /Q fTi(u — V)da. (3.13)
From the combination of(3.12)and (3.13), the following equality is deduced:

/Q a(x,u, Vu)VT,(u — U)dx + Ag(z,u, Vu)Ti(u— ¥)de = /Q fTi(u — V)da. (3.14)

This completes the proof of lemma 3.1.
Definition 3.1 A measurable function u is called an entropy solution of the highly nonlinear problem
(1.1) if
Tk(u) € WOIL]\/I(Qv P), g($7 u, VU) € L (Qz p)7
/ a(xz,u, Vu). VT (u — ¢)dx + / g(x,u, Vu). T (u — p)dx = / fTi(u — ¢)da,
Q Q Q
for any ¢ € Wi Ly (2, p) N L>=(£, p).
3.2 proof of Theorem 3.1.

3.2.1. Approximate Problem and A priori Estimate.
For n € IN, definef,, := T,(f), and |g, (2, uy, Vu,)| < |g(2, u, Vu)|. Let u,, be solution in W L, (£2)
of the problem

- div (p(z)a(z, wn, Vu,) + g (2, wn, Vu,) = £, in Q,
(3.15)

u, = 0 on 092,
which exists thanks to [23]. Choosing T} (w,,) as test function in (3.15), it is obtained that
/ a(@, U, Vi, ) VT (un)de + / 9(@, U, V) T (un)de = / fn T (uy)de,
Q Q Q

using VT, (un) = Vnx{ju.|<k} and thanks to assumption (1.4), (1.7), it is observed the following
expression

/‘ Q(I7unyvun)VTk(un)dz+/g(m7unyvun)-Tk(un)dm2/M(A1|VTk(un)Ddzv
Q Q Q
[ P a9 T ) iz < Kl 22 (@), (3.16)

/Q p(2) M (M [V T () e < Crk, (3.17)

where C' is a constant independently of n.
3.2.2. Locally Convergence of u,, in Measure.
Taking +|Tj(u,,)| in (3.15) and using(3.17), one has

[ ptrnron T an < [ @) 20 9T ) i < (3.18)
JQ JQ

11
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1
inf, M (L)

1 1
= infy M(X) /Q M (1T (un))da

Ck
< - -
= inf, M (5)

meas{Jun > K} < [t > kppar g,
{

Vn,Vk > 0. (3.19)

For any S > 0, it follows that
meas{|un, — wm| > B} < meas{|u,| > k} + meas{|um| > k} + meas{|Tk (u,)| — Tk (um) > B},

and so that

2C1k

m + meas{|Tk (u,)| — Tk (um) > B}. (3.20)

meas{|u, — u,| > B} <

By using (3.17) and Poincaré inequality in weighted Orlicz-Sobolev spaces, it is deduced that (1% (u.,))
is bounded in WL (€2, p), and there exists wy, € W} Lar (2, p) such that Ty (u,) — wy weakly in
Wa Lar (€, p) for o(IIL s, ILEy;); significantly in E7z(€, p) and a.e. in €.
Consequently, it can be assumed that(T%(u,)), is a Cauchy sequence in measure in €. Let € > 0,
by (3.20) and the fact that ﬁ — 0 as k — 400 there exists some k = k(e) > 0 such that
meas{|u, —u,,| > A} <e€, forall n,m > ho(k(e), \).

This proves that wu,, is a Cauchy sequence in measure, thus, u,, converges almost everywhere to some
measurable function u. Finally, there exist a subsequence of {u,,},, still indexed by n, and a function
u € W Lar (82, p) such that

w, — u weakly in W L (2, p) for o(ILyy ,, E; ) 391
u,, — u strongly in Ej/ (€2, p) and a.e. in Q. (3:21)
3.2.3. An Intermediate Inequality.
It is shown in the following step that for ¢ € W L (92, p) N L>°(82), it follows that
/ (@, 1, V6).V T (y, — $)da + g, 1, V) T, — ) < / FuTi(uy, — ¢)da. (3.22)
Q Q

It is now chosen that Tk (u, — ¢) as test function in (3.15), with ¢ in W Las (€2, p) N L°°(2), hence,
it follows that

/ a(x, up, Vu, ) VT (u, — ¢)dz + g(z,u,, Vo). T (u, — p) = / Fn Tk (upn — @)da. (3.23)
Q Q

Adding and subtracting the term fQ a(x, tn, VO)VTy(u, — p)dx ie.,

/ a(x, Uy, Vu,) VT (u, — ¢)dx +/ a(x, ty,, VO)VT(u, — p)dr — / a(x, ty, VO)VT(u, — P)dx
Q Q Q

n / 9@, 1, Vi) To(un — ¢)da = / FuTo(tin — $)d2.Ti(tn — B). (3.24)
Q Q

Thanks to assumption (1.3)and the definition of truncation function, it is clear that

/ a(x, Uy, Vuy) — a(z, ty,, Vo)V T (uy, — ¢)dx > 0. (3.25)
Q
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Combining(3.23)and (3.25), this yields (3.22).
3.2.4.The Equi-integrability of the Nonlinearities.
It is intended to prove that

o (@, Un, V) — g(, u, V) strongly in L*(Q). (3.26)

In particular, it is enough to prove the equi-integrable of g, (z, u,, Vu,). To this purpose.
Let u,, — Ty (un —vo — Th(un — vo)) as test function in (P,), it follows that

/ |gn (2, Un, V) |de < / (Ifn] + 6(x))da.
{|um —vo|>h-+1}

{|ttn—vo|>h}

Let € > 0, therefore h(e) > 1 such that

€

/ |gn (2, U, Vuy,)|de < (3.27)
Sl —vol2h(e)} 2

For any measurable subset £ C €2, it is obtained that

[ lan(e s, Funldn < [ b1 + nlloc) (e0) + M (T T o) (02)) dt
E E

+/ lg(, un, Vuy,)|da.
{Jun—vol=h(e)}

In view of (1.6), hence, it is seen that there exist n(e) > 0 such that
/ b(h(e) + llvollso) (c(2) + M (VTh(e)+{jvoflos (Un))) daz < %7 for all E such that |E| < n(e). (3.28)
JE

Finally, combining (3.27) and (3.28), one easily has [, |gn (2, un, Vu,)|de < € for all E such that
|E| < n(e),

which implies (3.26).

3.2.5.Passing the Limit.

It shall be demonstrated that for ¢ € W L (2, p) N L°°(R2), it can be shown that

/ a(z,u, Vo)VTi(u — ¢)dx + / g(z,u, Vu). T (u — ¢p)dx < / fT(u— ¢)dux.
Q Q Q

Firstly, we claim that
fg a(:u Un,, V¢)VTk(Un - ¢)d£ + fQ g(-’”a U, vun)Tk(un - ¢)d‘l’
= Joa(@,u, VO)V. Ty (u — d)dx + [, 9(x,u, V). Tp(u — ¢)dx as n — +oo. Since Tas(upn) — Tar(u)
weakly in W} La(Q, p), with M = k + ||¢]|co»

Ti(t, — @) — Ti(u — @) in Wg Lar(Q, p), (3.29)
Show that

a(z, Tar(un), Vo) — a(x, Thr(u), Vo) markedly in (LW(Q))N

Thanks to assumption (1.2), it is obtained

lai(@, Tar (un), V)| < [(@)s(@)] + kb~ (67 (@) M (c2|Tar (wnl)) + kM M(er| V),

with 3 and u are positive constants. Since T (u,) — Tar(u) weakly in Wi Las (2, p) and Wi Lar(Q, p) ——
L37(2, p), consequently Thr(un) — Tar(w) highly in Las(€2, p) and a.e. in €, hence

la(e, Tar (), V)| = la(, Tar(u), Vo)| ae. in €,
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(i (@)] + k5~ (P~ (@)M (ea| Tar (wn) ) + kM M (e1|Ve]) =

=1
| ()| + ko~ (p~ (@) M (2| T (W) ) + kiM M (e1|V ),
a.e. in 2. Depending on Vitali’s theorem, it is deduced that

/ a(x, Ty (uy,), Vo) — / a(x, Ty (u), Vo) strongly in (Lﬁ(ﬂ,p))N7 as n — o0. (3.30)
Q Q
Hence, it is observed that (3.30)
/ a(z, uy,, Vo)VTy(u, — ¢)dr — / a(z,u,Vo)VTi(u— ¢)dx as n — +oco. (3.31)
Q Q
To pass to the limit in the approximate problem, it is shown that
Gn (T, U, Vuy,) — g(z,u, Vu) in LHQ, p). (3.32)
Secondly, it is shown that
[ 2w = @iz~ [ T = o) (3.33)
Q Q

It is found that f,, 7% (u, — @) — [T (u—¢) ae. in Q and |fTx(u, —@)| < k|f|, using Vitali’s theorem,
(3.32) is obtained. Thanks to (3.25) and (3.32) allow to pass to the limit in the inequality (3.22), so
that Vo € Wi L (Q, p) N L>2(8), it follows that

/a(x,u,Vd))VTk(ufqﬁ)dan/g(%u,Vu).Tk(ufqﬁ)dxg/ka(uf¢)dx.
Q Q Q

In view of main lemma, from the above, hence, it is concluded that u is an entropy solution of the
problem (1.1). This completes the proof of theorem 3.1.
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